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Basis equations for Numerical Relativity
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Others In Numerical Relativity

* Imposing gauge conditions
 Extracting gravitational waves

* Finding black holes
(finding apparent horizon)

« Adaptive mesh refinement
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Solution of Einstein’s equation for

dynamical phenomena

* We have to solve Einstein’s equations as
an Initial value problem

» Einstein’s equations, G, =8rGc™T,, ,a
equations for space and time
-> Space and time coordinates appear In a
mixed way, “time coordinate” does not
always have the property of time.

E.g., Schwarzschild coordinates;
t 1s time for r>2M, but 1s not for r < 2M

-> Special formalism Is necessary to follow
dynamics of a variety of spacetimes ;



Schwarzschild spacetime

1
ds? = —(02 _ M jdt2 +(1— ZGIZ/I j dr? +r?(d6? +sin® 0dp? )
r

Ic

{ is a radial _- t=const

Coordinate ....................................

Coordinate

. . "1 is the time
singularity

coordinate.

Time has to be always “time”
In numerical relativity



Several formulations

1. 3+1 (N+1) formalism

2. Formulation based on a special
(harmonic) coordinates
(e.g., Pretorius formalism; also often used
In Post-Newtonian theory)

3. Hyperbolic formalism
(e.g., Kidder-Scheel-Teukolsky formalism)

e Others.....

In this lecture, | focus on the first one



Einstein’s equation = hyperbolic equations

1 G (G, : Einstein tensor
G,UV:R,UV__g,uvR — 872._4T,uv 9 o
2 C R, . Ricci tensor

\

R, =0,I% -0, +Ta T, -T%T,,
— (_g)GHv :aa@ﬂ [(_g)(gﬂvgaﬂ . gﬂagvﬂ)]_l_(_g)tuv

t*” :Pseudo tensor of Landau-Lifshitz O[(ﬁgw)ﬂ

de-Donder Gauge: 8a(x/—99aﬂ)20 Wave equation

N R N T T B



Einstein’s equation is similar to
scalar wave equation

A 0ip=Ag «— Post-Newtonian way
n=0¢

2 m— > <+«— 3+1 wa
O =49, s

or (n, 9 €2 (Kij ) 7/ij)

(8 L a B

ONE=X & '¢i> «— Hyperbolic way
\5t¢ — Qg )

Similar: However, spacetime IS not
a priori given In general relativity 9



Section I: 3+1 (ADM) formalism

Concept
1. Foliate spacetime by spacelike surfaces

2. “Choose” time coordinates for a direction
of time at each location

3. Follow dynamics of spacelike surfaces

Spacelike
. hypersurfaces
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3+1 decomposition (N+1)

Time
4 Evolve y; & K _+3 Choose time axes
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Definition of variables

%; = space metric

K--— extrinsic curvature
o = lapse function

[ = shift vector

Vo =9, t0,0N,: ywn” =0 .-

) g,uv 2 (7/ij’ &, ﬁk)

)
™~ o

“~~Dynamics

-+---- Gauge
Lie derivative

b d
”
r
d

y L -
K __7/|7/V n _ELnyij
i 1
= ZCZ( '[7/IJ Dﬂ Dﬂ)

nﬂ:tﬂ_ﬂﬂ; nluﬂ/u: 15



Line element
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Structure of variables

1 B
n“==, -2 |, n =(-a, 0); cf. t“*=(1 0
a :lapse function, A':shift vector; g, =y, 3’

: _(—a2+,6’k,8k,,8,] gw_£—1/a2,ﬂi/a2 )
J7) G (e e ’ * ,yij_ﬁiﬂj/az

cf. y, = (ﬂ ﬂk’ﬂ] yﬂvz[0,0i-]
i x o0

. V_(Ki,ﬂ ﬁ’,Kijﬂ’], KW:[O 0)
H * ,K-- *,K”

J
14



Geometric meaning of K;;

If space-like hyper-surface Is curved,
— N is not parallel-transported.

u“Vﬂn‘” 0 4+— &

U'K; =—y,u“v n, =0

Kj denotes the “curved” degree
of chosen spatial hyper-surfaces

15



Next step Is to rewrite
Einstein’s equation by y; & K;

- As a first step, 1t 1S necessary to define
covariant derivative associated with i

Dy, =0 --- Required property

T A spacetime tensor

Define DT, = 10 Py bree P 7R 7 I, T
Then. " projection "

Di7/jk = 7/ii'7/jjl7/ll<(lvi'7/j'k' = 7/ii'7/jjl7/li<'vi'(gj'k' T nj'nk')
:7/ii'7jjl7/ll<('|:nj'vi'nk'+nk'vi'nj':|:O OK 16



3+1 definition of K;

K, =—yi“7jﬁvanﬂ:—%y, ¥ (Vo n, +V,0,)
¥ yiV,n —(g, +n.n )gfvanﬂ (nﬁvanﬁzO)
=V.n; +nn“V n,
= K, =—%(Vinj +Vin, +n“Vﬂ(ninj))
_ _%(yjavin“ + 7,V N + n“Vﬂyij)
_ _%(yjaain“ +7,0,N" + n“@ﬂyij)
1

=--—(07;=D.S,~D,f)

17



Usuful, often used relations

— o _
K,=-V,n-nn’v.n =-vV n -nD, Ina

Note: n°V_n =D, Ina: acceleration

We will use it for many times

18



3+1 decomposition of Einstein’s equation

G n“n” _87zT _n“n” :Hamiltonian constraint

. G, n"y, =8xT, n"y, :Momentum constraint

{ G, »'y;=8xT,y y;  Evolution equation

 First two egs = constraint eqs

* no second derivative of spatial metric
o Last one = evolution egs

- hyperbolic eqgs of spatial metric
* No time derivative for o & pk

19



Similar to Maxwell’s eqs

V.E' =4np, A

~ Constraint eqs

V.B'=0 _
0,E'=(VxB) —4zj' ~

| i - Evolution egs
@tBI :_(VX E) —/

Step 1: Give an Initial condition which
satisfies constraints.
Step 2. Solve evolution equations.

20



All egs have to be written by (y K)
« Method: Derive Gauss-Codacci equations
Start from definition of 3D Riemann tensor

(DD;-D;D;) oy =° Ry ' : @ =3D vector

Using defintion of 3D covariant derivative,

D.D;a, =177 7V (my IV e,)
=177V Voo, + 777 (Vars ) (V@)
+ 72778 (Vo ) (Vi)
=77V Vee, —(0'V.0, ) 10K - KK,

1



where we used
V.=V, (gg + nanb) =V, (nanb) =nV.n"+n°v n,
=-n, (K. +n,D°Ina)-n"(K, +n.D, Ina)
= 77V =K,
yin"V 0, =-7,0,V,n" =, KT (naa) = O)
Then, (D,D;-D,D,)a, gives

abc

) Rijkla)I: 7/ia7/?7/|fR Ia)l _a)IK;Kik +a)IKiIKjk Gauss

= Rijg = 7/ia7/?71§7/|d Raved + KKy =Ky Ky, Ceoqdacci
: a ¢ d(N+1)

Note: (N)Rijkl =7 7/?7/k7/ld Rabea T K Kjk — KikKjl2

2



Gauss-Codacci _equations 1, continued

) Rijkl = Via7?7|f7/|d Raped T Kii Kjk - Ki Kjl
Multiplying »*

) le = 7?7/|d (Rbd + Rabcdnanc)_l_ KijIk - KKjI
Multiplying 7,1! again ™ This will be used later
DR =(R+2R,n°n° )+ K, K" —K?

Here, R+2R_,n*n" =2G_n"n° =167T,,n°n"
= YR+K?*-K,K"=162T, nn°

... Hamiltonian constraint
1 component 2



» Derive Gauss-Codacci equations |1l

Start from
D.D;n" =27 v V,.Dyn® =27 v v, (7/b y.Vn )
=1 eV VN + 107 (Vs ) VanS
727 7e (Vars ) Von®
=777 7V, Von® =y Kin"Vyn® - Kn, v, n°

I AANL —(D '”0‘) i /

where n'v,n°=D°Ina, nV,n°=0

24



» Derive Gauss-Codacci equations |1l

D,D;n* = 7¥}75V,V,n° = (D" Ina ) K,

(i) JDiDjn' = 727°V,V,n° —(D'Ina) K
: .
Gk |D;DN' =7V, V,n° (D' Ina)K,

= D,D,n'-=D,Din' =7 (V.V, -V, V,)n°
7/?Rabdn

Dn' =-K, Djni:_K} ycy?Rabd n’ __Rde?nd

= DK|-D,K=-Ry,yn" =-8xT,»"n"

. Momentum constraint
3 components

25



Derive evolution equation

Start from contracted Gauss-Codacci eq. |

) le — 7/?7/|d (Rbd + Rabcdnanc)+ Kil K; — KKjI

= R,,qN°N° contains &/y; or o,K;

Let us calculate R, ,n" =(V,V, -V, V,)n,

vV.V,n, =V, (-K, —n,D; Inr)

=-V, K, +(K,+n,D,Ina)D, Ina

-n,V.D. Incx

Remember: V,n.=-K,.—nD, Ina

26



From (V,V,-V,V,)n. =R,'n, =
7/?7/ICRabcdnbnd = y?ylcnb (_vaKbc +Vb Kac)
+(D;Ina)D Ina+D;D; Inax

_7/?7/IcnbvaKbc = 7/?Kblvanb

=~y 7Ky (K2 +n,D°Inar) =—K, K}
7/?7/Icnbvb Kac = 7/?7/IC (Ln Kac o Kabvcnb o Kbcvaﬂb)

=LK, + 2K K
V7 RN’ N =L, K, +K, K +a'D;Da

27




Thus, the G-C equation becomes
Ry =y"7'Ry+L,K, +a"'D;Dx
+2Kk|Kjk - KK,

Here,

LnKij = a_l[atKij _IBkaKij — KiijIBk — KjkDiIBk]

. 0K =a®R; —D,
+ D, K +

Note: yibyf R, :87z[7/ib7/fde —ﬁTj

Dja+a(K

<iij,Bk+

Ky — 2K K¥)

<jk DiIBk _057/ib7/?| Ry

2

Evolution equations = 6 components 28



Summary of 3+ 1 formalism
PR-K,;K"+K?*=167T,n“n"
DK —D;K =—8xT, n“y" J
Ky = a( PR, +KK; —2K;K})-D,D;a

+K,D,8 +K,D,8 + DK,  Evolution

Vv 1 1 % Vv
—=8ral,, | 7'y —5(7“ —-n“n")y,

Vi :_ZO‘Kij + Diﬂj + Djﬂi

» Constraints

a, <« Gauge condition

29



Constrained system

« ADM equations seem to have too many
components: Constraints seem to be
redundant equations, because y & Kj are
determined by solving evolution equations

« Constraints are guaranteed to be satisfied

If evolution equations are solved correctly
= No inconsistency

30



Evolution of constraints

A, = GW —87ZTW

=Hynn, +Hy,n +Hyn +Hy.7,
H,=0, H =0 --- H & M Constraints
H, =0 .-~ Evolution egs.
VA =0 =
(6, A'0,)H, =aKH, —2H,D'a —aD,H' + aH;K"
(6, - A'6,)H, =—H,Dia + aKH, + H, 8, - D, (aH/)

If constrains are zero at t=0 and evolution
equations are satisfied for any ft,
constraints are always satisfied. 3



Nature of standard 3+1 formalism

« Evolution equations are wave equations of
6 components, but it Is not simple one:
Many additional terms even iIn linear order

- 1 ..
Kij ~_E7/ij \

(3) 1 o 7 2
R ~ E[‘AVU T (7ik,|j + Vi — i Yu )]

= Vi ®Ay; -

cf. Maxwell's equation
0,0°A; —0,0, A" =0 "




Linearized equations

Linearized Einstein equations
with =1 & S'=0
vi =0; +hy; [y D1

1 ?
Evolution eq. : ﬁij = Ahi,- _hik,kj - hjk,ki T hkk,ij

Constraint H : Ah; -h, ;=0

M : hij,i—h“,ij /

This causes a problem



Stability analysis
Decomposition:
hy = AS; +C; +2B; ;, +hy '
. B, vector, h;' :tensor
definition: B;; =0, h/i=h"=0
— Trace h.=3A+AC,
ii =A+AC; +B)
M hij — Ahij - hik,kj - hjk,ki T hkk,ij

Ahii - hik,ki =0, hij,i - hii,j =0

Divergence h.




3+

Constraints : <

1 Equations

‘H: AA=0

Evolution egs. : -

M: 9, (-2A; +AB;) =0

(h.i}rT — Ahi}_T e Wave
X ~ equation
(1,]) >
A=AA » ™.
Eo A a, - Strange
\ forms



Solutions |
1 Equations for h; =Wave equations
— True degree of GWs:. No problem
2 Constraint (H) : A=0
& Evolution equation for A = wave eq.

— Violated constraint will propagate away.
3 Constraint (M) : (—2A, +AB, )=F(x')
For A=0, B =F, (Xi) Numerical integration

of zero Is,zero
Evolution equation for B, gives B, = FB(X'3—>O

& B :{FB(Xi)t}'I'FBi (xi) Perhaps no problem

36



Solutions I
C Is not constrainted by constraints,

but determined by C=A, A=AA
If constraint Is violated and A =0 Initially,

A=Y, fin(r =) +4(r +1)

I

f(r_t)+g(r+t)+Ct+C
1 2

r |

Constraint violation 1s serious In this case

=>C=>Y,

Small error In A results In serious error in37C



To summarize

* In the original 3+1 (N+1) formalism,
If constraints are violated even slightly,
the error iIncreases with time even iIn a
nearly flat spacetime with no limit

* Namely,
It Is unsuitable for numerical relativity

e Source:

hij — Ahij - hik,kj - hjk,ki T hkk,ij
\— /)
Y
First, realized by T. Nakamura (1987)
3

8



Section Il: BSSN formalism
Essence

« Need reformulate of 3+1 formalism

e At
viol

least, In the linear level, constraint
ation mode must not appear

Define new variables

<

Fi=hy; Evolution egs.

and rewrite as )
hij = Ahij -k, -F,+D,

D =h; for F, and @ ?

39



Reformulation using constraint equations

Momentum constraint: h, ; —h,., =0

— F —®,=0: Evolution eq for F
Trace of hy=Ah, -F  —F, ,+®,
= (.I.):ZACD—ZFLi
Hamiltonian constraint: A® - F; =0
= 0=0 = ®=0 = F =0
= hy =Ah,

No problem !!

40



Reformulation increasing the variables
and using constraints appears to be
robust

« Similar definition of new variables
F. & @ is possible in the non-
linear case

First, derived by T. Nakamura (1987)
Subsequently modified by Shibata (1995),
Baumgarate and Shapiro (1998)

41



Original BSSN formalism
(Shibata-Nakamura 1995)

First of all, write the line element
ds? =—(a’ - B4 )dt? + 2 3,dx'dt +e*7,dx'dx’

Here, det(7;)=1. (¢ corresponds to ®.)

As conjugates for y; and ¢, define
~ 1 !
A 4¢(K _éy”Kj and K =trace (K, )=7'K,

Up to here, we Increase 2 variables (¢, K)
and two constraints, det(7;)=1 and A;7; =

42



Then, the equations are
_ . _ 2
(0, _,Blal)%j :_ZO‘AU “‘?/ilﬁl,j "‘7/j|:3|,i _§7ijﬂl,|
1
(0.~ B'oNg=2(-aK+p')
@ —ﬂ'@,)Aj = ae4¢(Rij —%y/inj—e4¢(DiDja—%7/ijAaj

y .. 3 . 5

+a(K'Aﬁj —2AA, )+ Ad B + A0, —gﬂ',u A,

—872'0(6_4¢TW |:7/iﬂ7/}/ —%7/’”7/”} Used

(0.~ B'9))K :a('&‘j'&ij +%K2j_Aa+47mTW(n“n" +7/ﬂv)

Not sufficient in this stage! 43



Note

* The linear analysis for the simple
conformally-decomposed formalism shows
“System is even more unstable”

« An exponentially growing mode appear

Hij — Ahij - hik,kj B hjk,ki
TT

hi =C; + B(i,j) +h;

— C=-AC

44



Linear analysis shows that the problems
come from R;

~/

_ R ¢ .
R, =R, +R!: R,

J

Rf =—2D,D;4—27,D,D*p+4(D,¢) D,

Is Ricci tensor of y,

_477ij(|jk¢)|jk¢ .-~ scalar part

Fiu = %[—7“ (77ij,k| _77ik,jl _771"@” ):|

+7" ,kfl,ij _fljkfﬁ Alrea_dy
rewritten
See appendix by ¢



Write formally 7" =8 + !
= 7" (j;ij,kl — ik _77jk,i|)
~ K| [ ~ ~

= Aﬂat7/ij -0 (7/i|<,j| +7/jk,i|)

+ £ (77ij,k| —Vik.j _771'k,i|)F nonlinear

— Define F =6"7,,

L Inear

as In the linear case
= Apali — 5" (7ik,j| +77jk,i|)
=Aga Vi _(Fi,j T Fj,i)

46



Next step: Derive equations for the
new variables using constraints

* As In the linear case, the equation for F;
should be derived from momentum
constraint

Momentum constraint:

D. (e6¢A})—§e6¢5jK =87J e

or D, (05/5\})+{6a(|5i¢)— Ijioc} A} —EaDjK =8ra
f 3
~ N B B 2
Here, ZaAij =—(0, _,Blal)%j +7/iIIBI,j "‘7/j|18|,i — A ijgl,

3



Thus, a term D, (7", 77,-k) appears and

[Su ( ~Ik5t7/1k) 2 (5 O ik — 8t7/kl F:katyjl)
=0, Fj + flkaiatj;jk _77”( (FI O 7u +F:kat7/jl)

Namely, momentum constraint can be
regarded as the evolution equation for F,

Other terms with 0,7, are rewritten using

. ~ . 2 .
(0, _ﬂlal)?/ij = _ZO‘AJ‘ +7/i|:8|,j +7/j|,8|,i _gyijﬂl,l

48



Equation for F
(6, - B0, )F
- 205(1: KA HTRA ——Ajkf/'jk,i +6¢, A —2 K,ij
-25%a, A +5" " |7/”

(%kﬁ +?/1kﬂ 7/Ijﬁ ) 5“ _167Z-a‘]i

J

Note no nonlinear term of (hij,fb}j); h, =7; =6

49



Summary of BSSN formalism

« Definition of 3 additional variables
(5 components) (F;, K, @) Is essential.

« Conformal transformation is not essential
at all: Only with conformal transformation,
the resulting formalism does not work
- “Conformal formalism™ is
misunderstanding (stupid) naming.

e The Increase of variables results In the
Increase of new constraints: Now, 17
equations with 9 constraint equations.

50



Alternative (Baumgarte-Shapiro ,1998)

Define I''=—7". instead of F =67, ,.
(In the linear level, both reduce to h; ;.)

i i A 2~i' Adj
(6,- B0, )T :205(rjkAJk—g ‘K,j+6¢,jA‘j

=i 2 Rini L - ~i
_Fjﬂ,ﬁgrﬂfﬁ 7B Jk+ 7B i

~167a7" ] j \

N 1, Slightly simpler
R'j :_E(j/klj/u kl 7/| Fk 7Jkrk )

1, .., . o 5 -~
_E(ykljylkl+7/1kl7/kll 7/ij,krk)_r:krl}| 51




Nine components of constraints

Hamiltonian constraint (1)
YR-K;K"+K*=162T,n“n"

Momentum constraint (3)
D,K; - DK =-8xT,n“y;

Tracefree condition for A; (1)
Aﬁ vl I

Determmant 1 for 7 (1)
det(7;) =1

Auxiliary variable (3)

F=7,; or I'=-7)

52



Puncture-BSSN
(Campanelli et al. 2005)

Define y=e* (or W =e*’) instead of ¢
to follow a black hole spacetime.
Schwarzschild spacetime in the isotropic coordinates:

2 4
ds’ :_G_I\I\;II ;Z:) dt2+(1+%j (dx2+dy2+dzz)
_I_

¢=In(1+ Mj =2 500

2r

—4
Define Z=(1+ ZMj . regular everywhere
r

— BH spacetime can be numerically followed

with no special technique >



New conformal factor

y=e* or W=e™?

@~ B3 = (-ak+ 5!
— (at—ﬂ'al)wz\%v( K—,B',,)

. No divergence
4 Ri']'y

=2¢*| -DD;¢—7,Ap+2D gD, -27,D,#D"¢ |
= R/ =WD,DW + 7, (WAW —2D,WD'W )

No irregular term even for BH spacetime

54



Other prescriptions: Special gauge

Linearized Einstein equations

with =1 & B'#0
yijzﬁijJrh..' \hij 11l a=1-al/2; |a|l 1

1] ?

Evolution eq.: h; =Ah; —h, i —hy i + N
—aj +18i,j _I_/Bj,i
Constraint H : Ah;-h, , =0
M :h . —h =0

ij,i i, j

55



Harmonic gauge:

—a+ B =0
0,97 =0=+ | |
\/Bi — hij,j =0
i = Ny + N — @ +:Bi,j +IBj,i =hyii —
< hy =Ah; +hy i —a;
\ 4 — hij,ji Constraint (H) - - Ahkk
= 0; (hy-a)=A(h,-2)

Only wave eo

This shows an evio

uations appear > No problem

ence why Pretorius formulation wagks



Extension to N+1 case (N > 3)

« ADM equations are unchanged

« BSSN formalism is slightly modified
because the dimension Is different
(Yoshino-Shibata 09)

 In the following, spacetime dimension
IS denoted by D =N+1

57



For ds® =—(a’ - B, A" )dt? + 23, dx“dt + Z‘lfijdx‘dxj

(0,

(O

~B'0))7; =—2aA + 7, B+ 7.8 -

D 17/Ijﬂ I

— o)y == (ak - p)

~ 1 1
(0, _ﬁlal)pﬁj = QZ(RU _iyinj_Z(DiDja_ﬂyijAaj

9 ~

+0‘(K'5ﬁj _2'&"'&; )"‘ 'Bﬁlajﬁl + Aﬂaiﬁl _mﬁl,l'&ij

L 1
_87Z-OlZTyv |:7iy7/j D_ 17/ 7/Ij:|

2
(8t—,8'6,)K:a(AjA”+ K ]—Aa+ SﬂazTW((D—S)n“nVﬂ/W)

D-1

58



(- )1 -2a{ry Rr D2, B, )

-1 b2y
= i 2 =i L ~ikpl D-3 i .
—FJ,B,jJrﬁFﬁfjJr?/Jﬁ,ijrD_l?/ B’ i
~16707"J,
R, =R, +R?
D-3~~ 1 _~=+ D=3/« <
xr_ = v iy kK, _
le o 2){ DI |Z+2Z7ijDkDZ 4)(2 (DIZ)DJZ
D-1_ [ &k
_4;(2 7/|j( kZ)DZ

Robust for any dimension (at least up to 7D,
Shibata & Yoshino, ‘10) 5



Section Il11: Gauge conditions

Any time slice and any time axis

can be chosen In numerical relativity

Normal

directioQ
Shift _

Time
axlIs

60



/
I

——

\
N\
~
N\
S~
le

Slice: Required properties

— Black hole singularities and coordinate
.~ singularities have to be avoided

Singularity

/
/
/
/
I
/
/1
ry

Or, effectively excised

61



Well-known good slice

Maximal slice:
K=0=K=Aa=a$S|y;K;.T, |

Ij’

& 2

\~\
) I

L

Drawback: Solving elliptic-type equation
IS computationally expensive

Estbrook et al. P 1973

62



Spatial gauge; required property

Frame dragging === coordinates distort
Coordinate shear has to be suppressed.

63



Minimal distortion gauge (Smarr-York, PRD1978) :
Minimize global distortion defined as

| = [dV(2,7)(07a)7%7" 7"

A o5 D* (74?07 ) =0

op'

— 7. A +2D,B,f + R, "
Y ik ,B 3 S+ Ry f

+77j|[3k In?/I/Z([’jkIB| 4 [5|18k _% ~kl[3m,8mj:

Very physical & beautiful.
But, elliptic egs. & expensive
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Puncture gauge; =0 at puncture

(at_ﬁlal)a:_naaK;
n, =2 for 4D & 1<p <2 for N-D

D-1 K
atﬂkzz(D_z)vﬂzy (F +Ato,F)
or
- D-1 iy 3
a . |a k: VZBk D=4V =1 >_Bk
(6,-8'2,)8 20-2)" 1

\ (6,-B'd,)B* =(8, - B'd, )T* -1, B"
V; =1 for 4D and V, <1 is preferable for N-D
115~1Mg,  (Alcubierre, Bruegman 03, and others) _



Properties

Slice: Asymptotically approaches to
maximal slice-like slice;
slice freezes (a;=0, and thus, K - const)

Shift: Similar to minimal distortion gauge !!
Computational costs are very small

Horizon sucking does not matter because
It happens inside horizon and hyperbolic
gauge 1s suitable for this “effective
excision’” (Bruegmann et al., 2006)
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Section IV: Initial value problem;
How to impose constraints

(3) 1] 2 _ v _
R-K;K"+K*=16xT, n“n" =167p,
D.K; —D;K =-8xT, n"y/ =8xJ,

Only 4 components equations
for 12 component of y & K

These are not hyperbolic equations

- Write In elliptic equations
(Method of O’Murchadha-York, 1973)
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Hamiltonian constraint
Vij = W477ij

1 (=~ 8-
= (3)R=—4(R——ij See Appendix
"4 "4

PR-K;K"+K* =167p,
5
~ _¥Ys 5 Y TR
= Ay =R 27p W - (K;K"-K?)
Elliptic equation for a given set of

(77ij’ Kij’ PH)
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Momentum constraint

_ 1
Yii :‘//47”" Ki :Aﬁj"'g?/in
| - 2 . .
DjKi’—DiK:w6Dj(t//6A‘)—§DiK (D7 =0)
Then, set

w°Al=DW'+Dw, —gﬁ' DWH+ K™
(ljiKTTj:O:KT'iFi)
AW +iBBWI+RW —20°B K =875
— i+§ij+ij_§§”i—”i'ﬂ

Vector elliptic equation of W.

for a given set of (7, w.K, J;) "



Section V: Numerical implementation

 Discretize all variables;
y(X,¥,2) 2 7ijk () k=1—n)
« And then, perform finite difference;

e.g.,

2nd order finite difference
1

5x7/i,j,k (7/|+1J 7i-1,j,k)

2\
4th order finite difference

1 [ {7i_2,j,k _7/i+2,j,k}+8{7/‘+1'j’k _7/i_1’j’k}]

8x7/|Jk 12A
70




B0,

Basic equations

(7 K iz A,-,aﬁi] |

., SZ:;(,K,a,,b"}

Al |[SlAnAKT @B

K| | Sel 7w Ay Koa]

r Se| 7y 2. Ay KT e, B

ai S.|K,a]

ﬁi S,| B'|

B - -
Ss| 72 A KT 0 f ]




Method for space finite difference

» Metric = smooth, no shock (different from
fluid) = Every variable can be expand as

the Taylor series
A A3 LAY
7/ij(XOiA):7/ijiA7/u 2|7/|j 3| 7/Ij 4|7/|J
4A°
7/IJ ( 0 — ZA) 7/Ij — 2A7U 9| 7/” 4th Order
SA° . 16A% . scneme
— ?%j Al 7/”

4 derivatives €<—-> 5 values
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Need 1t and 2"d derivatives

1

OV ap = m[_{%b,pz,k,l _7/ab,j—2,k,l}

+8{7/ab,j+1’k’| ~ ab,jLk }]

1
12A°

+16 {7/ab,j+1,k,| T Vab, j-1k)| } _307/ab,j,k,| ]

0%V an = |:_{7/ab,j+2,k,l +7/ab,j—2,k,l}

</ |
W _J
N~

Write all the derivatives using these rules:
Currently, 4™-order is most popular s




Einstein’s equation is complicated

axay7/ab = (

L
12A

[

_{_(7/ab,i+2,j+2,k - 7/ab,i—2,j+2,k)+8(}/ab’i+l’j+2’k B yab’i_l’m’k)
+{_(7/ab,i+2,j—2,k _7/ab,i—2,j—2,k)+8(7/ab’i+l’j_2’k - 7/ab’i‘1’j_2’k)

+8{_(7/ab,i+2,j+1,k ~ Vab,i-2,j+1k ) + 8(7/ab,i+1,j+1,k — Vab,i-1,j+1,k
-8{~(

Vabi+2,j-1k — Yab,i-2,j-1,k ) + 8(7/ab,i+1,j—1,k — Vab,i-1,j-1k )

Many points are
used

AN




Advection term: Upwind scheme |

Consider the simplest wave equation:
0, f +co,f =0 = f=F(x—ct)

Simple Finite difference

CAt(

n+l _ ¢n
fo=1f+—

AX fjn+1_ fjn—l) ‘

= unstable !! j
* von Neumann stability analysis

Uj :gnexp(ikxj):rj”exp(iijx) Cf. Numerical
CAtL Recipe

= "5:1_'55"1(‘(“) = [£1>1 (Pressetal)

O
O
O

O
O
O
O



Advection term: Upwind scheme Il

Simplest stable method
= First-order upwind scheme

.I:jn+l — .

-

L

CAL

fj“+E(fj“—f;‘_l) c>0
fj“+%(fj11—fj“) c<0

- von Neumann stability analysis = |&|<1

O
O

1{1 _

VA W40 WA O NN
\J\J\JHU\J

c>0 «— C<<0

O
O
O




Advection term: Upwind scheme Il
Advection term: S'0,y; 4™-order scheme

— Need to use upwind scheme
For — ' >0, ¢ e e oo 00
1
12A

[7/”()(0 3A)+67; (% —24) =18y, (%, —A)

+1O7/ij(xo)+37/ij(xo +A)]
For =7 <, 09 000 o
1 Y
12A

/4 ilj

[ Vi (X +3A)+6y; (X +2A) =18y, (X, +A)

+107/ij (XO)+ 37/” (XO - A):' 77

7/i|j =



Time evolution: Standard one

« Use Runge-Kutta method

 Simple 2" order method = Unstable

« 3 or 4t order (popular) > Stable
0,Q, =F|Q,]

k= AtF[Q, () ]

k, = AtF| Q, (t))+k, /2]

ky = AtF | Q, (ty)+Kk, /2]

k, = AtF| Q, (t)) +Ks |

K, + 2k, + 2k, + Kk,

Q. (th+At)=0Q, (t))+ .

+O(At5)
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Boundary conditions

 Geometry obeys wave equations

Outgoing boundary condition
F.(t—r/c)
r
@ . characteristic angular frequency

> +O(1/ rza))

|

Usually, only the leading order
IS taken Into account.
Location of boundary should be rol] 1
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Numerical implementation of
outgoing boundary condition

'] Ko
=
ke
S
C}Q) y > Al
R | RO Determine by
\Q / -7 - - -
C_z«—— Z, Interpolation
/ Y
’ AY

rQ,=F,(t—r/c)
= rQ,(t-r/c)
=(r—Ar)Q, (t—At—(r—Ar)/c)
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Section: Extracting gravitational

waves by complex Weyl scalar
Using a complex Weyl scalar
¥Y,=-R
R

A2 PR Mo
apys MTNTM

s - 4D Riemann tensor

(ﬁ“,f“,m“,rﬁ“): Null tetrad
1,.. ..

I — o0, ‘P4—)—E(h+—|hx)

= h, —ih =-2] dt'[ dt"¥,(t")
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Weyl scalar for gravitational waves I

~

(ﬁ“,l“,m“,rﬁ“): Null tetrad

~y o~ ~/

~- S W2 . o . ~ O 1 d AR
n“n, =191 =m*m_=0, —A“l =1=m"“m,

J,, :—nﬂlv —Iﬂnv +mﬂmv +rﬁﬂmv

. 1
A“ : Ingoing Null —» n“ —r*
going (0 -r)

m“: Complex orthnormal to fi* & ¢
n“: Unit timelike normal as before
r“ . Unit radial vector, r”nﬂ =0
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Weyl scalar for gravitational waves ||

s MM’ =(DK;, - DK )m'r’m* = By, m'r'm"
rmi e m = (Ryy + Ky Ky — Ky K )rim?rm
afys = | Nijk ik TN i il ™

¢f, derivation of Gauss-Codacci egs.
Note Iin 3D,

R
Rijkl — 7/ik le — 7/” Rjk o 7/Jk Ril T 7/J| Rik - E(yikj/jl - Q/ilj/jk )83



Weyl scalar for gravitational waves Il
R’jkl — Rijkl + KikKjI - <i| Kjk

Ry, =Ry + Ky K-K, <|i = By
E=R+K?-K/K!=0 (vacuum, Hamiltonian constr.)

E
L By =7uBj =B —7iBi + 75 Ei _E(%k?/jl _7/i|7/jk)

& then R, r'm'r‘m' =E,m'm
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Section: Adaptive Mesh Refinement
(AMR)

. /
<\
/ \ \ V
AR '\\

B N~ 4GM/c?

Why Is It required ?

 More than 2 different length scales

« For binary, gravitational wavelength
and radius of compact star

= Resolve stars while extracting waves



Typical length scales

Radius of black hole R~ =M

C2

Radius of neutron star R~ (5~8)

Gm
C2

GM

Angular velocity of binary Q=

T C
Gravitational wavelength A ="

Q

3 ! M :m1+m2

3 3/2
= A=xxC ' leO( r 2) (GI\Z/IjD R
GM 10GM /c C

GM
C

r 1S orbital radius > ~5

2
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AMR grid In numerical relativity

» Prepare N=5—10 levels of different
resolutions and domain size:
Domain D,, Size L, Grid spacing A
where |=1—N

« For the simple case, we set 2L=L,,,
2A=A4,, (same grid number for |=1
and L,> A4, 4,<<Gm/c?

N_l N-2
Ratio=2:1 N

N)
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AMR time step

« For the finer grid spacing, the time step Is
smaller: 2A4t=At,

AR .
6 0 = - Refinement

boundary
4
3

N\
N\
A

I
S

"~ For each evolution,
4th-order Runge-Kutta method is usgd



Key: Interpolation and treatment of
buffer zone

« Grid In each domain 1s composed of main
and buffer zones

666666 @ 00 0 0 0 0 0 0 0 0 C O O OO
N NG AN Y
Y N e
Buffer Main Buffer

Main : Solve equations with no prescription
Buffer: Interpolation iIs necessary
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A method for interpolation:
Example |

« Before the first Runge-Kutta step
- Quantity in the buffer zone is
determined by Lagrange interpolation,
e.g., 5M-order interpolation (using 6 points)

A N4 W40 W40 WA WA

U U U J

4 i 4
! Main !
| |

—Coioo)/o &ii\

For 3-dimension, 63=216 grid points are useel



A method for interpolation Il

The Runge-Kutta evolution step

Inner 3 buffer points are solved in the
same manner as In main region

4™ one: The same as above but for
advection term: mixture of 2nd and 4t
order upwind schemes

5t and 6™ one: Interpolation in space and
time: Time = 2"d-order interpolation

J \ J

Y Y

Bruegmann et al., Yamamoto et al., PRD2008 ™



AMR time Interpolation

« Concept of time iInterpolation

— :

3 .

.’ o ¢oopooooo

Runge-Kutta o
middle steps At
~ |I:- -~ :
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Moving domain

« Small-size domains (finer domains) which
cover compact objects move with them

 Large-size domains (coarser domains) do
not move (fixed grid)

e Finer domains are moved when the center

of black hole or neutron star moves
i

For black holes, solve O(lj—xtz—ﬂi

[ (6, - B*0,)a =0 at black hole center, a:Oj

In the puncture gauge
For neutron stars, find the location of max densrty




Section: Finding a black hole

» Popular method = Finding apparent horizon

» Apparent horizon = surface for which
expansion of outgoing null ray Is zero

 Important property (Hawking-Ellis, 1973):
If an apparent horizon exists for a globally
hyperbolic spacetime, event horizon of a
black hole always exists
- Apparent horizon is formed
= A Dblack hole i1s formed
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Basic equation for AH |

» Define outgoing null vector
|# =n“ +r”
n“: Time like unit normal
r“: Radial unit normal, r“n, =0.
r“ 1s perpendicular to AH sphere.
a”,b”: Unit normal on sphere

= ¢, =-hn +rr+aa, +bﬂbv
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Basic equation for AH Il

« Expansion = change rate of area

ru
©=(a“a” +b"b")V,|,

— (7/” - r“rv)Vﬂ (n,+r,)

:—K—l—DkI’k +r‘ijij Outside AH
Apparent horizon: ® =0 -

= D +r'r'K;, -K =0

Inside AH®



Basic equation for AH Il
 AH=two sphere, r=h(6, ¢)

r=C(L —d,h, —8,h)
C is determined by rr' =1

= D, r*= %@ (ﬁrk)

1

:C(—agh—cow@eh— — a;hj+....

sin“ @
= =0 --- 2D elliptic type equation
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Basic equation for AH IV

« Boundary condition O=—a, ¢=0
w === —— 9 =, ¢:7Z- |
o Periodic
0 L= - —- - ¢=7T ¢:O
e -~ T @
0 T 2T
¢

Well defined = Standard solver i1s OK ,



Appendix: Conformal decomposition |

7/ij:W477ij’ Di7/jk:0’ ljij;jk:O
i 1
ij:§7|(8j7kl+ak7/j|_a|7/jk)

1 . . . .
zzyl(ajykl +5k7/j| _aﬂ/jk)

2 ~il

+W7/ (VklaJW‘l‘?/u@kW ijaﬂ//)

= 2 (G i = ~ &
=1 +;(5ijW+5jDkw_?/jkDW)

—1 i
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Conformal decomposition I
Ry =0, -0} + I, Ty =TTy,
=o', —o I +T\ I} -, [}
3C) 00 1CiCl €l
+I, C, -I'',C} +C} I} —C' T},
=R, +DC} -D,C; +C}C, —C\C;
R% =D,C}, —D,C, +C},C, —C\C,

1, ~ L
:F(6DjWDkW_27jkD|WDIW)

_é(qawﬂkgw)



Methods for code validation

« Confirm to reproduce exact solutions:
-- Black hole solutions (check area etc)
-- Propagation of linear gravitational waves

e Check violation of constraints 1s small:
Monitor Hamiltonian and momentum
constraints

* Check convergence:
If 4th-order scheme is used, quantities
converges at 4™ order; Q = Q,+ Q, Ax*

101



Some technical i1ssues |
« Imposing some constraints within O(A%):

det(7;)=1 and A;7; =0

7 ;| det(7, )]_1/3 7

A, —[det(7,)] " A -37Tr(A)
W

W - [det(7,)]

m—t

K-> K+Tr(A)

i, K; are unchanged
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Some technical issues Il
« Kreiss-Oliger-type dissipation > O(A%):

Q—)Q—GAX6Q(6)
o is a constant of O(0.1)

Q® s the sum of sixth derivatives

Purpose 1s to suppress
high-frequency numerical noise

103



